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Abstract. The article shows the consideration of the rolling friction moments (pure rolling) of
the wheels on the rail threads and in the bearings of the front axlebox units. and rear bogies of
the car with their subsequent replacement by conditional sliding friction. It is noted that if the
active force in the form of a projection of the force of gravity and the aerodynamic drag force
on the direction of rolling of the car (or release), acting on the car, is greater than the limiting
friction force, then simultaneously with rolling, the wheels may also slip on the rail threads.
An analytical formula was obtained for finding the difference between the driving forces and
all resistance forces when rolling wheels with sliding, which, based on the theorem on the
change in the momentum of a material point, made it possible to create a mathematical model
for finding the speed of a single car (or cut) on the first profile section of the hump. An analysis
of the results of solving the problem of determining the rolling speed of a car has been carried
out. It is noted that the theorem on the change in the momentum of a material point for solving
the problem of finding the time of rolling down a hill is applicable only when the final speed
of the car is known, otherwise solving the problem in such a formulation will be meaningless.

1 Formulation of the problem

An analysis of literary sources [1 — 5] shows that the recommended formulas for determining
the time of rolling a car (or trailer) from a hill do not take into account the movement of the car
along the profile of the hill when the wheels roll with sliding, except that such movement is
indirectly taken into account by the concept of basic resistivity w,, which was found
empirically. Without explaining the reasons for the occurrence of various types of resistance
that appear when a car rolls down a hill, it is noted that “the determining factors are: the main
resistivity wo, specific resistance from air and wind waw, resistivity from snow and frost wen;
additional — episodic resistance forces from impacts on turnouts w ws, when moving in curves
wcand braking on retarders wy” All of the indicated types of dimensionless specific resistances
(i.e., resistances related to the gravity force of the car) are found using empirical formulas.

In addition, it should be taken into account that the results of solving the problem of
determining the time of movement of a car when rolling down a hill, which were obtained in
[4, 12], can only be used to determine the time of stopping (or braking) of the car t, taking into
account that at this moment the final speed of the car vsin = 0.

In [5, 16], computational models of rolling a car from a hump were built and an attempt was
made to find the time of its rolling, taking, following [1, 2], the speed of rolling according to
the formula that is used to find the speed of a freely falling body from a given height, which is
erroneous.

Thus, until now, researchers have completely overlooked the construction of a mathematical
model of a car rolling down a hill in strict accordance with the classical principles of theoretical
mechanics, which makes it possible to find the speed of a car rolling down a hill.

In this regard, finding the speed when sliding along the profile of a slide is still an urgent task
in railway transport and transport science.
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2 Problem formulation

It is required to create a mathematical model of the speed of rolling a car (or trailer) down a
hill with a headwind and/or tailwind, taking into account the driving forces and resistance
forces in the first profile section (from the top of the hill to the beginning of the first braking
position).

3 Solution methods

Let's use classical concepts and provisions of theoretical mechanics, for example, such as
bonds, bond reactions, the principle of liberation from bonds, Coulomb's law, the moment of
rolling friction, Newton's second (fundamental) law, the theorem on the change in the
momentum of a material point [6].

4 Problem conditions and accepted premises

Let's consider the general case when a car rolls forward from a hump at a given initial speed
vO (usually 4-5 kmph or 1.1...1.38 mps, and the permissible speed reaches 7 mps). When a
single car (or cut) is rolled down a hill, the car will experience the influence of mainly external
forces in the form of gravity forces of the car with or without cargo — G and aerodynamic air
resistance forces — £, where F, € F,,, F,,). We believe that all the assumptions adopted in
[5], remain valid, for example, the cargo in the car is placed symmetrically relative to the
longitudinal and transverse axes of symmetry so that the wheel pairs are loaded evenly due to
the gravity of the cargo [7, 8]. We especially note that the force of aerodynamic air resistance
E., belongs to the class of reactive force, depends on the relative speed ,, and acts on a car
moving in, for example, a medium such as air. The aerodynamic drag force is the result of
taking into account the discarded medium (air). Like the other reaction, force ., interferes
with movement, in this case relative to the speed of the air flow (headwind) 7,,.At the same
time, strength F,., can be classified as an active force, since, having begun to act on an object,
it can set it in motion if the direction of the air speed (tail wind) coincides with the direction of
the speed of the car [5].

Note that the driving forces include projections of gravity G, and, in the case of a tailwind,

aerodynamic drag forces on the direction of movement of the car E.,,, and among all possible
types of resistance forces are aerodynamic drag forces E,,,, in the case of a headwind, and all
random (or episodic) resistance [5].

5 Solution

For the wheels of the wheelset of a car rolling down a hill, due to the fact that the condition is
always met F > Fi. i.e. F > (fun/run)Fz (Where F and F; — the sum of the projection of all active
forces onto the vertical, KN; rwn— wheel radius). Here's the attitude fwn/rwn for most materials
the coefficient of sliding friction is significantly lower f, which between the contacting surfaces
of the wheels of freight cars and rail threads is taken to be 0.25 [9].

From here it is clear that rolling friction, if necessary, can be replaced by conditional sliding
friction during pure rolling [6, 18]

whfw
Ffr.wh = mFZ! (1)

Twh

Where nwh— number of wheels in carts, pcs. (nwh = 8); fwn— rolling friction coefficient, m, since
this coefficient is equivalent to the arm of the rolling friction pair (wheel on rail fwn = 5x10°,
hardened steel funh = 1x10°%), rwh — wheel radius equal to 0.475 m for a freight car;
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F, — the sum of the projection of all active forces onto the vertical axis per each axle box unit,
KN:

F, = G cos g + Fyy siniy; ()
or

w fW Vi .
Fire = = (G €05 Yo + F Sintho). (3)

The mechanical system is also subject to internal forces in the form of rolling friction moments
Mroa (Mtiva € {Mtiba1, Mivaz Misoa' 1, Mivar2}) and Mtros (Mg €
{Mtv51, Mg, Mgwp1, Mapp'2}) 1IN the bearings of the front axlebox units A and back B
carriage bogies, and M = Mfrba + Mirbe.

At the points of contact with the rolling elements of the inner diameter of the inner ring of the
bearing, internal forces appear N, — normal reaction of the bearing and at the same point the
same magnitude, but oppositely directed reaction acts on the rolling elements from the inner
ring of the bearing No. Here,

N =Yi1(Ngg + Ny + Ng; + Npgry) (2, a)
(i— number of wheels on one trolley axle);
Ffr = Ffr.A + Ffr.A' + FfrlB + Ffr.B" (3)

The rolling friction moment in the bearings of the axle units of the front and rear bogies of the
car
Msib = NbfroNb, (4)

where ny= 8 — quantity of axle box unit in bogies, pcs.; fro— coefficient of friction of rolling
elements on bearing rings (usually taken ~1-107%), m; N, — normal reaction per one rolling
bearing, or force acting on the most loaded rolling element and determined by the formula, kN
[10]:

kF,

Nb = (4, a)

NpMre

taking into account the fact that n, — total number of rolling elements taking the load in each
bearing, pcs.; k —a constant coefficient taken depending on the row and type of rolling bearings
(for single row bearings k= 4, for roller bearings with np= 10...20 average value k ~ 4. Taking
into account the influence of the gap in rolling bearings, for the calculation we take k= 4.6).
Similarly to (1), rolling friction can be replaced by conditional sliding friction during pure
rolling of rolling elements in bearings [6]

Fpr = "2 N, (4,b)

r

where np— number of bearings in axle boxes of bogies, pcs. (nb= 16); rp, — outer radius of the
inner ring of the rolling bearing, m,
Let us rewrite the last formula taking into account (2) and (3, a):

Frro = 20 X (G cos iy + El siniy). ()

Th MNpNee
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By combining (3) and (5), the rolling friction of the wheels can be replaced by conditional
sliding friction during pure rolling of the wheels and rolling elements in the bearings of the
axlebox units:

Ff‘:}h = Ffr.r+Ffr.r0’

or
Nywhfw Npfro k r .
F¥h = ( T’\l,vh t 4 ’;b 0 nbnre) (G cos Py + Fyy siny),
or
F'" = fo(G cos P + Fyy sinio). (6)

where fo— some conditional (or reduced) coefficient of sliding friction:

fO — Nwhfwh + Npfro k (6, a)

Twh T MNpNee

We especially note that if the active force F , acting on the car, is greater than the maximum
frictional force E,,, = FHX = fi,..N (where N — normal component of the reaction of rail
threads), i.e. F > E,,, , then simultaneously with rolling, sliding is also possible. At the same

time, the attitude fﬂ will be greater than the sliding friction coefficient f, i.e. f < ’;ﬂ This
wh wh

case is possible when the car is exposed to the projection of aerodynamic drag force F/,, with
tailwind and strength E;,, (which tends to press the ridges of the outer wheels of the bogie
wheel pairs against the thrust rail), when the active force is equal to F = G siny + F,,, and
the condition ismet F > F, . .

The sliding friction forces of the wheels on the rail threads counteract the rolling of the car
down the hill in the form Fua (Fipsa € {Fha1, Fraz Frarn Frarz}) m Fis (Fpp €
{FfrBlv FfrBZJ FfrB’l! FfrB’Z})'

Friction forces according to Coulomb's law consists of two terms that take into account friction
forces from normal pressure and wind pressure from the side of the car:

F§' = Fiap + Frarp, (7)

where Fyap = Fa + Frp — sliding friction forces of wheels along rail threads from the
influence of the normal componentN (N e{N,,N,}) communication reactions: Fy 45 = f4N
taking into account the fact that fs — coefficient of sliding friction of the wheel on the rail
(usually “metal on metal” — fs; = 0.15...0.25);
Foag = Fuarg + Frpro — the sliding friction force of the wheel flanges along the thrust rail
from the influence of the projection of the aerodynamic drag force from the side of the car Fy,,:
E'ay: Faarp' = faoF'ay taking into account the fact that fso— coefficient of sliding friction of
the wheel flanges on the rail (usually taken fs0= 0.25 [9, 17], and in the case of using comb
lubricators (or lubricators) the value fsio significantly less) (in the particular case fs = fsio).
Let us consider the case of a flat system of forces when the trailer rolls down a hill along a
straight track profile, taking into account that the resulting aerodynamic drag force is directed
at a certain angle to the direction of the car rolling down the hill, i.e. F,, € F4y, F', [5, 15].
Introducing the concepts of “shearing” and “holding” forces, taking into account all the active
and reactive forces that were found in [5, 7, 11, 13], we obtain:
- in a headwind

Fsh.x = Gx = GS”“-/)01
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- with a fair wind
Fsh.x = G sin 1/10 + E"ax cos l/)0;

- in a headwind
Fh.x =FE+ E"’ax cos 1/10;

- with a fair wind

The carriage will roll down the hill only if the following conditions are met:

Fsh.x = Fh.x’ (8)
or
AF;( = Fsh.x - Fh.x = 0’ (9)

where AFyx — the driving force that forces the car to roll down the hill.
Having written down the equilibrium conditions for a plane system of forces, we obtain:

Fsh.x - Fh.x = O’
or
Gy + F;*Iax cosy— E =0, (10)

where the “minus” sign corresponds to a headwind, the “plus” sign to a tailwind;
F.— the sum of all resistance forces when wheels roll and slide:

F = (fo + fON + faoFay- (11)
Substituting (11) and (2) or (2, a) into (10), we will have:
G sing * Flox cos o — (fo + fu) (G cos Yo + Fax sinhg) — faoFray =0,
or, after elementary mathematical calculations,

G(sinyo — (fo + fa) cos Yo) + Egx (£ cos Yo — (fo + fa1) sinpg) —
_fsloF;"Iay =0.

Transforming the last expression, we get:

lG(tgwo — (fo + fi) + Blax(£1 = (fo + fidtgy,) —

f cos Py = 0.
_fleF;"ay l 0

According to (9), we give the last relation the form:

G(taw, — (o + ) + Fax(£1 — (fo + fitew,) _I cosy. (12)

AF, = ,
g [_fslol:;*ay
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So the strength AFx is an active force, which, according to Newton’s second law, when it begins
to act on the uncoupling, forces the car to roll down the hill with acceleration.

Under initial conditions: 0 < ¢t < t; And v, < v < vy (where voand v — given initial and
acquired final speed of uncoupling), the theorem on the change in the momentum of a material
point [6] will be written in the form:

t
0

or
va - MUO = AFx(tf - to), (13)

where M — mass of the car with cargo, kg; tr — time of passage of the car on any section of the
hump, s; vs — acquired final speed of the car (the value being sought), mps.

Substituting (12) into (13) and dividing the result by the mass of the cut M, and given that
G = Mg, will have:

g(tev, — (fo + fu)) +

A
5 (£1 = (fo + fdtaw,) — fao

me cos Py X (tr — to). (14)

In (14) we will take into account that tgy, = Iﬂ =1, where L. and lo —profile length of the first
0

profile section of the slide and its projection onto the horizontal, m; 1 — steepness of the first
profile section of the slide, %o.

The first profile section of the slide has a profile of 0 — 1 — 2 and on section 1 — 2 there is the
1st braking position (1BP) with coordinates a and b. It is marked: HS — height of the slide; H
and L — parameters of the design height of the slide, m; hy, h2 and lo1, la — height and length of
the corresponding sections of the slide, m; la, — length of the first braking position, m; yo: and
o2 — angles of inclination of the corresponding sections of the slide, rad.

Replacing in (14) {0V, profile steepness i the first profile section of the slide, we get:

g(i = (fo+fa)) +

R B R A DTy Pt e

Considering that in the last relation ¢, = t —is a variable quantity, and t= 0, we will have:

g(i —(fo+f)+

vr=vot+| Fax o &L= o+ f)D) = fuo—

Let us rewrite the last expressmn in order to highlight the cases of influence of tailwind and
headwind on the car:

ay cosyy X t.

vp =vo + [g(i — (fo + fa)) £ a — aglcosypy X ¢, (15)
where a and ap— quantities having dimensions of acceleration, mps?:
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_ Fax . _ Flax . Flay
a=-r; Q=" (fo + fa)i + fao YR

Let us recall that in (15) the “plus” sign takes into account the tailwind, and the “minus” sign
— the headwind.

Expression (15) can be presented differently, taking into account the mass of rotating parts
(wheel pairs of bogies) Mo as

vr =vo + [g'(i — (fo + fa)) £ a — aglcosy, X ¢, (15, a)

Where g’ <@, because the M < Mo) — fraction of free fall acceleration, mps?.

Analysis of the results of problem solutions. Analysis of the resulting formula (15, a) shows
that at any initial speed of rolling the car from the hump vo, with a tailwind, the second term
gli—(_(o+f))+a—ay>00rg'(i— (fo + fi)) + a > ay, and with a headwind — g’ (i —
(fo+fa))—a—ag>00r g'(i—(fo + fi1)) > a+ ay. From this it is clear that the rolling
speed of the car with a tailwind is greater than with a headwind, which confirms the correctness
of the obtained mathematical calculations.

From (15, a) the time can be found t = tf, corresponding to the specified value of the final speed
of the car vs, att = 0:

Vf—vO
t=t : 16
0 [T = ot fon) Ea—agloostra (16)

Let us rewrite (16) with t= 0 and cosyO0 1, as for small angles,

— Vf—Vo
L= g'(i—(fo+fis)ta—ao’ (16, a)

If we accept fo + fys for the main specific resistance when rolling wheels sliding along the rail
—Wo, i.e. fu + fis = w,, and when rolling a car down a hill, do not take into account the tailwind
and the rolling of the wheels with sliding, then the last expression can be represented as:

vf_vo

t=———"""0.
g'(i —wp)
The last formula is similar to the formula presented in [4, 6, 8].
Comment. It is assumed that the final speed of the car vs must be a known quantity, otherwise
further solution of the problem in such a formulation will turn out to be as meaningless as it
was done in [1 — 4]. In accordance with this, we note that the theorem on the change in the
momentum of a material point for solving the problem of finding the time of rolling down a
hill is applicable only when the final speed of the car is known.

Conclusions. The obtained mathematical models for finding the speed of a car rolling down a
hump on a high-speed section during the formation and disbandment of rolling stock make it
possible to design a high-speed section of a hump with rational profiles so that the speed at
which the trailer enters the braking position does not exceed the permissible value (~ 8 mps).
We especially note that the speed of a car rolling down a hill can be considered an independent
problem that requires its own solution based on drawing up a differential equation of motion.
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